
Forthcoming International Journal of Central Banking 1

Endogenous Growth, Skill Obsolescence, and
Optimal Monetary Policy∗

Wolfgang Lechthalera and Mewael F. Tesfaselassieb

aOesterreichische Nationalbank, Austria and Kiel
Institute for the World Economy, Germany

bUniversity of Maryland Global Campus (Europe), Germany and
University of Antwerp, Belgium

We analyze Ramsey optimal monetary policy in a New
Keynesian model with skill loss from long-term unemployment
and endogenous growth through learning-by-doing. The com-
petitive equilibrium is shown to be inefficient, despite impos-
ing the Hosios condition, due to firms failing to internalize
the effects of current hiring on (i) future labor productiv-
ity through learning-by-doing; and (ii) future training costs
of other firms. These externalities are complementary to each
other, thereby justifying marked deviations from price stabil-
ity. In a calibrated version of the full model, we show significant
deviations of the optimal policy from constant inflation, and
from Taylor-type rules, in response to productivity shocks.
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1. Introduction

The past two recessions have been challenging for macroeconomic
stabilization policy. Both recessions featured an unusually strong
increase in the share of long-term unemployed (LTU) workers. As
Figure 1 illustrates, the share of LTU workers in the U.S. peaked
at about 45 percent during the Great Recession and during the
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Figure 1. The Share of Long-Term Unemployment
in Total Unemployment in the U.S.

Source: FRED.

COVID-19 pandemic, while in previous recessions the share of LTU
workers never exceeded 25 percent. Furthermore, while the long-run
effects of the COVID-19 pandemic are still unclear, many commenta-
tors agree that the Great Recession had permanent negative effects
for GDP. This has led to a renewed interest in the hysteresis effects of
deep recessions (see Cerra, Fatas, and Saxena 2020 for a recent sur-
vey). The implications of these two phenomena for macroeconomic
stabilization policy are still underexplored.

In this paper, we analyze the role of endogenous growth and
skill loss from long-term unemployment in optimal monetary policy.
We do this in a tractable way, by introducing training costs asso-
ciated with skill upgrading and learning-by-doing externalities into
a New Keynesian model with search and matching frictions. Impor-
tantly, these two features of the model are complementary in the
sense that their joint effects are larger than the sum of their indi-
vidual effects. Our model is based on Lechthaler and Tesfaselassie
(2023), who show that the model can account for key features of the
Great Recession: (i) the “productivity puzzle”—the permanent gap
between productivity and output relative to precrisis trends; and
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(ii) the “missing disinflation puzzle”—the relative stability of infla-
tion despite the pronounced fall in output. For this purpose,
Lechthaler and Tesfaselassie (2023) assume a simple Taylor-type
policy rule, as is standard in the literature. In the present paper,
by contrast, we focus on Ramsey optimal monetary policy in the
framework of that model.

Our analysis of optimal monetary policy proceeds in two stages.
First, we consider a simple two-period model, and show the inef-
ficiency of the competitive equilibrium analytically by comparing
it to the outcome under the planner’s problem. We identify two
externalities: i) firms do not internalize the effects that hiring has
on labor productivity through learning-by-doing; and ii) firms do
not fully internalize the effects that hiring has on future training
costs. The importance of the latter externality depends on the degree
to which training costs are reflected in negotiated wages. Interest-
ingly, even if wage bargaining is efficient, the externality still mat-
ters because future employers are not represented in the bargaining
process.

Second, in a calibrated version of the full, infinite-horizon model,
we illustrate our results quantitatively and conduct sensitivity analy-
sis. Using impulse response functions, we show that the Ramsey
optimal policy deviates from price stability so as to reduce ineffi-
cient fluctuations in response to a temporary productivity shock.
Moreover, we analyze deviations of the Ramsey optimal policy from
simple, Taylor-type rules considered in the related literature (e.g.,
Blanchard and Gaĺı 2010). Here, we show that endogenous growth
matters primarily for the medium- to long-run dynamics of out-
put and human capital, because of the hysteresis effects it implies.
By contrast, training costs matter primarily for the short-run and
medium-run dynamics. Interestingly, the hysteresis effects are much
smaller when the training cost is absent, which suggests the presence
of complementarity between the endogenous growth channel and the
training cost channel. We also analyze the sensitivity of optimal pol-
icy to the degree of sunkness in training costs and the strength of the
learning-by-doing externality from aggregate employment to human
capital accumulation and productivity growth. We show that opti-
mal inflation volatility is lower the lower the degree of sunkness in
training costs and the weaker the positive externality from aggregate
employment to productivity growth.
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Related Literature. A number of studies examine Ramsey
optimal monetary policy in the presence of frictions in the labor
market. The main finding in these studies is that optimal mone-
tary policy deviates from price stability in response to inefficient
employment fluctuations implied by labor market distortions. Faia
(2009) shows the deviation from price stability when relaxing the
Hosios condition for efficiency of the competitive equilibrium, which
is that workers’ bargaining power should equal the elasticity of the
matching function with respect to unemployment. Thomas (2008)
derives a quadratic approximation of the welfare function around
a nondistorted steady state in a search and matching model with
real-wage staggering and convex costs of posting vacancies, which
generate monetary trade-offs. Ravenna and Walsh (2011) also derive
a quadratic approximation of household welfare under flexible real
wages and rationalize monetary trade-offs by assuming stochastic
fluctuations in worker-firm bargaining shares. Faia, Lechthaler, and
Merkl (2014) study optimal monetary policy in a labor selection
model and show that optimal inflaton volatility rises with firing
costs. Lechthaler and Snower (2013) study optimal monetary policy
in a model with quadratic employment adjustment costs, where these
costs depend on aggregate employment, thereby implying external-
ities in hiring decisions. Lechthaler and Tesfaselassie (2019) extend
the search and matching model to include exogenous productiv-
ity growth and show that higher productivity growth exacerbates
the effects of labor market distortions, thus calling for larger devia-
tions from price stability. None of these papers consider endogenous
growth and/or skill loss through long-term unemployment as we do.
Closer to our paper, Annicchiarico and Rossi (2013) consider opti-
mal monetary policy in the presence of learning-by-doing but within
the standard New Keynesian model with competitive labor markets.
Our analysis allows us to consider not only the role of labor mar-
ket frictions and skill loss but also the complementarity between
endogenous growth and skill loss.

The positive and normative implications of sunk costs have been
studied within the labor search literature but, to our knowledge,
not within the optimal monetary policy and business cycle litera-
ture, and not in the presence of endogenous growth. For instance,
Acemoglu and Shimer (1999) study the efficiency of the search and
matching model under the assumption that a firm makes ex ante
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investments before matching with a worker. They show that there is
inefficiency provided investment costs are sunk, and the inefficiency
can only be prevented by removing all the bargaining power from the
worker. Cheron (2005) shows that when fixed match-specific costs
are not sunk, the Hosios condition guarantees efficiency of the decen-
tralized economy. Miyamoto (2011) finds similar results in the case
where match-specific costs are endogenously determined. Pissarides
(2009) introduces sunk matching costs as an amplification mech-
anism within the search and matching model, with the purpose of
matching key labor market facts (in particular the volatility of unem-
ployment). A paper closely related to ours is Acharya et al. (2022).
Like us, they assume skill loss from unemployment that leads to
the need for costly retraining. In combination with downward wage
rigidity and the zero-lower-bound constraint, this can lead to a per-
manent unemployment trap. However, in contrast to our paper, they
do not consider endogenous growth. Whereas the endogenous growth
feature in our model leads to permanent output effects of temporary
shocks, unlike Acharya et al. (2022), we follow the standard liter-
ature in focusing on local dynamics around a unique steady-state
unemployment rate.1

There exists a small body of theoretical work that examines the
relation between business cycle persistence and long-run output in
the presence of endogenous growth. Chang, Gomes, and Schorfheide
(2002) use learning-by-doing as a propagation mechanism in a real
business cycle model. In their model, an increase in the number
of hours worked contributes to future improvements in labor skills.
Stadler (1990) compares the properties of real and monetary busi-
ness cycle models in the presence of endogenous growth arising from
learning-by-doing. A temporary shock is shown to induce a perma-
nent upward shift in the aggregate production function, thus having
long-run effects. Engler and Tervala (2018) use a two-country New
Keynesian model to show that the fiscal output multiplier is sig-
nificantly larger in the presence of learning-by-doing. Jordà, Singh,
and Taylor (2020) demonstrate that monetary policy shocks can
have long-lasting effects on productivity and output. Reifschneider,

1Our approach is consistent with the return of unemployment to precrisis level
after a sharp and persistent rise during the Great Recession. In the calibrated
version of the model, we set the steady-state unemployment rate by targeting the
long-run average unemployment rate in the U.S.
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Wascher, and Wilcox (2015) modify the large-scale Federal Reserve
workhorse FRB/US macro model to allow for hysteresis effects and
examine optimal monetary policy when policymakers face multiple
concerns—financial stability, inflation stability, and unemployment
hysteresis. They impose an ad hoc, nonlinear relationship between
the natural rate of unemployment and the actual unemployment
rate and do not consider Ramsey optimal policies. Garga and Singh
(2021) also study optimal monetary policy in the presence of output
hysteresis, deriving a quadratic approximation to welfare. They find
that a monetary rule targeting output hysteresis is optimal at the
zero lower bound. Unlike our paper, all these models abstract from
labor market frictions and/or Ramsey optimal monetary policy.

The rest of the paper proceeds as follows. In Section 2 we present
the simple, two-period model and analytically show the inefficiency
of the decentralized economy in the presence of the two externali-
ties of the model. In Section 3 we present the full, infinite-horizon
model. In Section 4 we derive the objective of the Ramsey planner in
the infinite-horizon model. Section 5 discusses the calibration of the
model and presents the main results. Section 6 shows the relation-
ship between the two externalities and optimal inflation volatility.
Section 7 concludes.

2. A Two-Period Model

2.1 General Setup

In this section we develop a simple model with search and matching
frictions, endogenous growth through learning-by-doing, and skill
loss through long-term unemployment and demonstrate that this
model features two externalities: i) private firms do not internalize
the effects of their hiring decisions on human capital growth; and ii)
private firms do not (fully) internalize the effects of these decisions
on future training costs. These two externalities imply that even the
economy without rigid prices and without monopolistic distortion
is inefficient, giving the Ramsey planner a motive to deviate from
price stability.2

2If the economy with flexible prices was efficient and the monopolistic distor-
tion could be offset by a subsidy, the Ramsey planner would find it optimal to
mimic the economy with flexible prices by holding the price level constant.



Forthcoming Endogenous Growth, Skill Obsolescence 7

To be able to show these two externalities analytically and to
develop the intuition behind these results, we use a model with the
minimal structure that allows us to develop these insights. Most
importantly, we restrict the model to two periods, which has the
advantage of simplifying the wage bargaining process substantially.
After having developed these insights we will use a full-fledged model
for numerical analysis in Section 3.

Workers are assumed to be risk-neutral and live for two periods.
The mass of workers is normalized to unity. The labor market is
characterized by search and matching frictions whereby firms must
pay a vacancy posting cost equal to κ. In the first period all workers
start unemployed but have sufficient human capital and thus do not
need training. All jobs last for only one period so that the number
of searchers in both periods is unity. Those workers that find a job
in the first period maintain their human capital and in aggregate
generate endogenous growth in productivity through learning-by-
doing. However, after production takes place all employed workers
lose their job and start looking for a new job in period 2 (i.e., the
separation rate is unity). Those workers that do not find a job in the
first period lose their human capital and need training in the second
period before production takes place (if they find a job).

The number of matches, Mt, t ∈ {1, 2}, is determined by a
constant returns-to-scale matching function, with the number of
searching workers, St, and the number of posted vacancies, Vt, as
its arguments:

Mt = μSα
t V 1−α

t = μV 1−α
t , (1)

where μ > 0 is a scale parameter describing the efficiency of the
labor market and α > 0 is the elasticity of the matching function.
The second equality follows from our assumption that all workers
have to search for a job in both periods, i.e., St = 1. Dividing Equa-
tion (1) by Vt and defining labor market tightness as θt ≡ Vt/St, we
can write the vacancy-filling rate as

q(θt) ≡ Mt

Vt
= μθ−α

t . (2)

Similarly, the job-finding rate is given by θtq(θt).
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Learning-by-doing as a driver of endogenous growth is introduced
in a standard way: higher aggregate employment, Nt, generates a
positive externality on the accumulation of aggregate human capi-
tal, Ht+1 (due to enhanced opportunities for learning-by-doing). To
capture this phenomenon, aggregate human capital in period 2 is
given by

H2 = BN1H1 ≡ h(N1, H1), (3)

where B > 0 is a scale parameter, and H1 is exogenously given.3

If in period 2 a firm is matched with a worker that was unem-
ployed in period 1, the firm needs to upgrade the matched worker’s
skill at a cost of χ. The expected training cost in period 2 per hired
worker, TC2, is thus an increasing function in the share of period 1
unemployed, u1 = 1 − N1, in total job searchers in period 2,

TC2 =
u1

S2
χ = u1χ. (4)

There is a risk-neutral representative household with a con-
tinuum of employed and unemployed workers. Unemployed work-
ers receive unemployment benefits equal to ub.4 As is common
in the literature, we assume that income is pooled within the
household so that consumption is equalized across employed and
unemployed members. Each period the household consumes all
income. It discounts future consumption by the subjective discount
factor, β.

2.2 Decentralized Economy

This section illustrates the solution of the decentralized, competitive
economy in which wages are determined via Nash bargaining. The
model is solved backwards, starting with period 2.

3As is common in the endogenous growth literature, the change in human
capital is linear in the level of human capital. It is the absence of diminish-
ing returns in human capital accumulation that allows the model to generate
sustained growth.

4As is standard in the literature, unemployment benefits are assumed to be
financed by a lump-sum tax and the government follows a balanced budget.
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Second Period. Since in period 2 we do not need to take
account of future values, the firm values are simply given by the
following static equations:

JS
2 = H2 − wS

2 and JL
2 = H2 − wL

2 ,

where JS and JL denote, respectively, gross firm value from hiring
short-term and long-term unemployed workers, while wS and wL are
the corresponding wages. The price of output is normalized to unity
and the output/productivity of workers is solely determined by their
human capital, which is H2. The human capital of a worker who was
unemployed in period 1 is also H2 because the training upgrades the
worker’s skills before production takes place. The value of hiring a
long-term unemployed, net of the training cost χ, is then JL

2 − χ.
The corresponding worker values are

WS
2 = wS

2 , WL
2 = wL

2 and U2 = ub,

where the value of unemployment U2 is equal across workers, i.e.,
independent of employment in period 1.

Wages are set according to Nash bargaining so that the opti-
mal surplus-sharing rule for matches with the short-term unem-
ployed (respectively, long-term unemployed) is given by WS

2 − U2 =
(1 − ν)/νJS

2 (respectively, WL
2 − U2 = (1 − ν)/ν(JL

2 − ξχ)), where
ν is the bargaining power of the firm. The parameter ξ governs the
extent to which training costs are sunk at the time of wage bargain-
ing with an LTU worker. When ξ = 0, training costs are fully sunk
and not at all reflected in the negotiated wage. By contrast, when
ξ = 1 training costs are not sunk at all and are fully reflected in the
negotiated wage (and borne by the worker according to their bar-
gaining power). Combining the surplus-sharing rules, the job values
and worker values gives the wage rules

wS
2 = νub + (1 − ν) H2 and wL

2 = νub + (1 − ν) (H2 − ξχ) .

The bargained wages are a weighted average of unemployment ben-
efits and period-2 productivity, net of training costs that are part of
the wage bargaining with the LTU worker. Here, the main advan-
tage of the two-period structure is that future values do not enter
the wage bargaining, implying simpler wage equations.
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Free entry of firms implies that the value of a vacancy is zero.
This implies the following vacancy creation condition for period 2:

κ

q(θ2)
= (1 − u1) JS

2 + u1(JL
2 − χ). (5)

Substituting out the value functions, Equation (5) can be rewritten
as

κ

q(θ2)
+ u1χ (1 − (1 − ν) ξ) = ν (H2 − ub) ; (6)

that is, the expected cost of hiring a worker, including the firm’s
share of the expected training cost, equals the expected firm profit
generated by the worker.

First Period. In period 1 all workers have equal human capital,
so there is only one wage level, one equation defining firm value J1,
and two equations defining worker values U1 and W1:

J1 = H1 − w1,

U1 = ub + β
(
θ2q(θ2)wL

2 + (1 − θ2q(θ2)) ub

)
,

W1 = w1 + β
(
θ2q(θ2)wS

2 + (1 − θ2q(θ2)) ub

)
.

The value of a firm is just given by its contemporaneous profits.
There is no continuation value because all jobs are destroyed at the
end of period 1. For workers the continuation values depend on the
employment status, because unemployed workers need retraining in
period 2 if they are to become productive, implying a lower wage if
training costs are shared.

As before, the surplus-sharing rule is W1 − U1 = [(1 − ν)/ν]J1,
so that the bargained wage is given by

w1 = ν [ub − βθ2q(θ2) (1 − ν) ξχ] + (1 − ν)H1.

Note that, unless ξ = 0 (training costs are sunk), the threat point
of a worker is lower than the unemployment benefit ub. Thus, by
accepting a lower wage, the worker compensates the firm for the
benefit that current employment eliminates the need to pay training
costs in period 2.

Optimal vacancy posting for period 1 is then
κ

q(θ1)
= J1 = ν [H1 − ub + βθ2q(θ2) (1 − ν) ξχ] . (7)
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2.3 Planner Economy

The social planner chooses the number of vacancies in both periods,
V1 and V2, so as to maximize the discounted sum of consumption in
period 1 and period 2, C∗

1 + βC∗
2 (where the superscript ∗ indicates

the planner economy). In period 1, consumption is equal to output
less vacancy creation costs, C∗

1 = μV ∗
1

1−αH1 − κV ∗
1 . In period 2,

consumption is equal to output less vacancy creation costs and train-
ing costs, C∗

2 = μV ∗
2

1−αH∗
2 − κV ∗

2 −
(
1 − μV ∗

1
1−α

)
μV ∗

2
1−αχ. The

first-order conditions with respect to V ∗
1 and V ∗

2 are, respectively,

κ

(1 − α) μV ∗
1

−α = H1 + βμV ∗
2

1−αχ + βBH1μV ∗
2

1−α, and (8)

κ

(1 − α) μV ∗
2

−α + u∗
1χ = H∗

2 . (9)

In both Equations (8) and (9), the left-hand side is the expected cost
of hiring a worker. In period 1, this is simply the expected vacancy
posting cost, whereas in period 2 it also includes the expected train-
ing cost. Note that the planner takes account of the congestion exter-
nality by premultiplying the worker-finding rate with (1−α). On the
right-hand side we see the benefits of hiring, which in period 2 is sim-
ply given by output. In period 1 the benefit includes two additional
terms: the increase in period 2 productivity (the learning-by-doing
effect, last term on the right-hand side) and the reduction in train-
ing costs in period 2 due to a smaller share of job searchers who lost
human capital (the second term on the right-hand side).

2.4 Comparison

Comparing Equations (6) and (9), it can be seen that second-period
vacancy posting in the decentralized economy is optimal if (i) the
Hosios condition is satisfied (ν = 1−α); (ii) unemployment benefits
are zero (ub = 0); (iii) there is full sharing of training costs (ξ = 1);
and (iv) unemployment in period 1 is optimal. The first two con-
ditions are the well-known conditions for optimal vacancy posting
in the standard search and matching model. The third condition
extends this to the presence of training costs. It assures that train-
ing costs are shared between both parties in accordance with their
shares of profits. If training costs were partly sunk (i.e., ξ < 1),
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firms would have to bear a disproportionate share of the training
cost, leading to the creation of too few vacancies.

Using conditions (i)–(iii) in the vacancy posting condition for
period 1, Equation (7), we get

κ

q(θ1)
= (1 − α) H1 + αβ (1 − α) μV 1−α

2 χ, (10)

where we replaced the job-finding rate θ2q(θ2) with μV 1−α
2 . There

are two differences compared to the planner’s solution (8). First,
unlike the planner, firms in the competitive economy do not inter-
nalize the effect of vacancy creation in period 1 on productivity in
period 2. Second, private firms internalize only partly the effect of
hiring in period 1 on training costs in period 2. In other words, firms
are not fully compensated for the positive externality that job cre-
ation maintains the human capital of workers, reducing the need for
training in the future.

To see the training cost effect more clearly, assume B = 0, in
which case the planner’s optimality condition (8) simplifies to

κ

μV −α
1

= (1 − α) H1 + β (1 − α) μV 1−α
2 χ. (11)

This equation is very similar to the competitive equilibrium—
Equation (10)—but note that the second term on the right-hand
side of Equation (10) is multiplied by α, while this is not the case
in Equation (11). A private firm partially internalizes the reduction
in the training cost, because it benefits the worker (as the worker
does not need to pay training costs in the future) and it can partici-
pate in this gain through a reduced wage payment. However, it does
not fully internalize the effect because part of the benefit of reduced
training accrues to the future employer of the worker, which is not
represented in period 1 bargaining.

Thus, both features, learning-by-doing and skill loss through
long-term unemployment, introduce an inefficiency into the decen-
tralized economy. Private firms post too few vacancies because they
do not fully internalize the beneficial effects of posting vacancies.
While we have demonstrated this using a simplified model, the same
mechanisms are at play in the full model. The Ramsey planner thus
has a motive to use monetary policy in response to business cycle
shocks to reduce inefficient fluctuations.
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2.5 Monetary Policy

To demonstrate the role of optimal monetary policy in this sim-
ple framework, we introduce a monopolistically competitive final
goods sector, which uses as input the homogeneous intermediate
good produced by the sector with labor market frictions, as out-
lined above. This setup is similar to the full model developed further
below.

Let the nominal price of the intermediate good be P I
1 . With a

linear technology in the final goods sector, P I
1 represents the nominal

marginal cost. Following Gabaix (2020), we assume that in period 1
a fraction ω of the final goods firms are unable to optimally set their
prices, while in period 2 all prices are flexible. Let P1 be the price
level in the final goods sector, P ∗

1 the optimal price set by optimiz-
ing firms, and P0 the predetermined price of non-optimizing firms.

From this follows the standard price index P1 =
(∫ 1

0 P 1−ε
k,1 dk

) 1
1−ε

,
where ε > 1 controls the degree of monopolistic power. The price
index can be rewritten as

1 = (1 − ω)p∗(1−ε)
1 + ωΠε−1

1 , (12)

where p∗
1 ≡ P ∗

1 /P1 is the optimal relative price and Π1 ≡ P1/P0 is
period-1 inflation. Since prices are flexible in period 2, only period-1
conditions affect P ∗

1 . In this case, P ∗
1 = μpP

I
1 , or p∗

1 = μpp
I
1, where

pI
1 ≡ P I

1 /P1 and μp ≡ ε/(ε − 1) is the price markup.
In period 1, a firm in the intermediate goods sector with pro-

ductivity H1 receives nominal revenues of P I
1 H1 and pays a nominal

vacancy posting cost of P1κ. In period 2, the nominal training cost
is P2χ. Then, when written in nominal terms, the vacancy creation
condition—Equation (10)—becomes

κP1

q(θ1)
= (1 − α) P I

1 H1 + αβ (1 − α) μV 1−α
2 P2χ, (13)

and in real terms,

κ

q(θ1)
= (1 − α) pI

1H1 + αβ (1 − α) μV 1−α
2 Π2χ. (14)
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Given that prices are rigid in period 1, monetary policy has real
effects. In order to link monetary policy to job creation, we rewrite
the price index (12) as

1 = (1 − ω)μp

(
pI
1
)1−ε

+ ωΠε−1
1 . (15)

Together, Equations (14) and (15) show that variations in period-1
inflation are related to variations in the relative intermediate input
price pI

1 and thus variations in job creation. Put differently, by mov-
ing the inflation rate, monetary policy can influence job creation.
We have already shown above that job creation in the decentral-
ized economy is inefficient due to externalities related to endogenous
growth and training. Thus, it is optimal for monetary policy to use
the channel described in Equations (14) and (15) to improve welfare.
In general, the violation of the Hosios condition (ν �= 1−α), nonzero
unemployment benefits (ub > 0), sunk training costs (ξ < 1), and
learning-by-doing externalities (B > 0) matter for the degree of
inefficiency in the competitive equilibrium, and thus for optimal
monetary policy.

3. The Full Dynamic Model

We now present the baseline model—an infinite-horizon New Key-
nesian model featuring search and matching frictions, endogenous
growth from learning-by-doing, and skill loss from long-term unem-
ployment and associated training costs. Following the pioneering
work of Walsh (2003), the model economy has two sectors: a retail
sector and a wholesale sector. Firms in the wholesale sector com-
bine raw labor and human capital to produce output and sell their
output to the retail sector in a perfectly competitive market. The
labor market is subject to search frictions that give rise to equi-
librium unemployment. In contrast to Acharya et al. (2022), our
model features a unique unemployment rate. As in the previous
section, endogenous growth is generated by learning-by-doing and
LTU workers need retraining.

Each retail firm transforms the wholesale good into a differen-
tiated final good and sells it to households in a monopolistically
competitive market. Retail firms set prices under Calvo-type nom-
inal price staggering. Each household consists of a continuum of
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employed and unemployed (and searching) workers who pool their
income.5 Household utility depends on consumption only.

3.1 Labor Market and Human Capital Dynamics

We start by describing the aggregate relationships in the labor mar-
ket within the wholesale sector and the endogeneity of aggregate
human capital dynamics. As is standard, the size of the labor force
is normalized to 1. At the beginning of each period, a fraction δ of
previously employed workers are separated from their jobs. These
unemployed workers immediately engage in job search. As a result,
aggregate employment evolves according to the dynamic equation

Nt = (1 − δ)Nt−1 + Mt, (16)

where Mt is the number of newly formed matches in period t, which
become productive immediately. Moreover, the number of searching
workers in period t is given by

St = 1 − (1 − δ)Nt−1, (17)

and the unemployment rate after hiring takes place is ut = 1 − Nt.
The number of newly created matches, Mt, and the job-filling

rate, q(θt), are given, respectively, by Equations (1) and (2), but for
ease of reading we repeat them here:

Mt = μSα
t V 1−α

t , (18)

q(θt) ≡ Mt

Vt
= μθ−α

t . (19)

The accumulation of aggregate human capital is generalized to

Ht+1 = (1 − δH)Ht + BNtHt, (20)

where δH is the depreciation rate of human capital. One can rewrite
Equation (20) in terms of the gross growth rate of human capital,

ΓH,t+1 ≡ Ht+1

Ht
= 1 − δH + BNt, (21)

5As is well-known, locating labor market frictions and nominal price rigidi-
ties in different sectors as well as income pooling by workers make the model
tractable.
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which shows that a fall in aggregate employment today leads to a
fall in future productivity growth.

3.2 Households

There is a representative household with a continuum of members
over the unit interval. The period utility function is given by

Ut = log Ct. (22)

Household consumption, Ct, is a Dixit-Stiglitz composite of a con-
tinuum of differentiated goods, Ct =

(∫ 1
0 C

1/μp

k,t dk
)μp

, where each
good is indexed by k, μp = ε

ε−1 , and ε is the elasticity of sub-
stitution between goods. Optimal consumption allocation across

goods gives the demand equation Ck,t =
(

Pk,t

Pt

)−ε

Ct, where Pt =(∫ 1
0 P 1−ε

k,t dk
) 1

1−ε

is the price index.
In any given period a fraction of household members, Nt, are

employed by firms and earn a nominal wage, Wt. The rest earn
nominal unemployment benefits of PtubHt, ub > 0, and search for
work.6 As with the two-period model, income is pooled within the
household so that consumption is equalized across employed and
unemployed workers. The household maximizes the lifetime util-
ity Et

∑∞
i=0 βiUt+i, where β is the subjective discount factor. The

household’s budget constraint is

PtCt + At = WtNt + PtubHt(1 − Nt) + Rt−1At−1 + Dt, (23)

where Rt is the nominal interest rate on bond holdings At, and Dt

is aggregate nominal profit from ownership of retail firms.
It is straightforward to derive the familiar consumption Euler

equation

1 = Et Qt,t+1
Rt

Πt+1
, (24)

6The presence of Ht ensures that along a balanced growth path (where aggre-
gate variables such as output and consumption grow at the same rate as labor
productivity), real unemployment benefits grow at the same rate as the real wage.
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where Πt ≡ Pt/Pt−1 is the gross inflation rate and Qt,t+1 ≡
β (Ct+1/Ct)

−1 is the household’s stochastic discount factor.

3.3 Firms

Next, we describe the structure of the intermediate goods sector,
followed by the final goods sector.

3.3.1 Intermediate Goods Sector

Intermediate goods firms can employ only one worker and produce
with aggregate human capital Ht. The firms face standard search
and matching frictions as well as frictions related to skill obsoles-
cence and associated training costs incurred for skill upgrading.7

There is an unlimited number of potential entrants that need to
post a vacancy at real cost Htκ to have the chance to find a worker
and enter the market. In addition, potential entrants expect to pay
training costs if the matched worker needs a skill upgrade.

To introduce skill loss from long-term unemployment in a
tractable way, a period is taken to represent six months.8 Similar to
Acharya et al. (2022), the long-term unemployed are those job seek-
ers in period t whose last job was in period t−2 or earlier (in the U.S.
this corresponds to those unemployed for 27 weeks or longer). By
contrast, a searching worker in period t whose last job was in period
t − 1 does not need a skill upgrade. These two types of workers may
be differentiated as long-term unemployed versus short-term unem-
ployed. Consistent with these definitions, the expected training cost
per hired worker, TCt, is given by

TCt = ztχHt, (25)

where zt ≡ ut−1/St is the ratio of the number of LTU job seekers to
total job seekers. Thus, zt is the probability that a firm matches with

7A detailed discussion of the standard search and matching model can be
found in, e.g., Pissarides (2000).

8The main motivation for this assumption is that it simplifies the wage bar-
gaining process because only two types of unemployed workers exist.
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an LTU worker, and thus needs to upgrade the matched worker’s skill
at a cost of χHt.9

It is important to note that the training cost is a predetermined
endogenous variable (TCt is given as of period t but responds to
shocks with a one-period lag). An adverse shock in period t− 1 that
lowers employment, Nt−1, and the job-finding rate, θt−1q(θt−1), also
increases the share of LTU workers in total job seekers in period t
and thus the expected training cost, as given in Equation (25).

Let JS
t (JL

t ) denote the value to a firm of matching with a short-
term (long-term) unemployed worker. The value of a vacancy is then
given by q(θt)

[
zt

(
JL

t − χHt

)
+ (1 − zt)JS

t

]
. Free entry of firms dri-

ves down the value of a vacancy to zero so that the vacancy creation
condition, adjusted for the presence of a training cost and a balanced
growth path, is

κHt = q(θt)
[
zt

(
JL

t − χHt

)
+ (1 − zt)JS

t

]
. (26)

The cost of posting a vacancy equals the expected net benefit of
posting a vacancy, the expected profits in case the search for a
worker is successful. If the cost of posting a vacancy was lower than
the expected profit of posting a vacancy, new vacancies would be
posted, lowering the vacancy-filling rate and thereby expected prof-
its until the incentive to post further vacancies vanishes. Likewise,
an increase in the training cost has similar effects on the incentive
to post vacancies. But crucially, the expected training cost depends
on the probability that a new hire will come from the long-term
unemployed, who need skill upgrading.

Active firms in this sector face a perfectly competitive output
market. Let P I

t denote the nominal market price and pI
t ≡ P I

t /Pt

the real market price. Then the value of a job filled with a short-term
or long-term unemployed worker, respectively, is defined as

JS
t = atHtp

I
t − wS

t + (1 − δ)Et {Qt,t+1Jt+1} or (27)

JL
t = atHtp

I
t − wL

t + (1 − δ)Et {Qt,t+1Jt+1} , (28)

9The presence of Ht ensures that along the balanced growth path the vacancy
posting cost and the training cost grow at the same rate as aggregate labor
productivity. Without the above assumption, over time vacancies would converge
toward infinity and unemployment toward zero, since the ratio of vacancy creation
costs to labor productivity would converge toward zero.
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where at is productivity and wm
t = Wm

t /Pt is the real wage of worker
type m ∈ {S, L}. The value of a firm is the sum of the current prof-
its and the expected future value of the match discounted by the
appropriate discount factor. Note that because of skill upgrading
the continuation value of a match with an LTU worker is equal to
that of a short-term unemployed worker.

In response to a positive productivity shock (i.e., higher at), firms
post more vacancies. As in the standard search and matching model,
the resulting increase in labor market tightness increases the average
duration of vacancies, and thus raises the expected cost of vacancy
creation. However, since training costs are predetermined here, the
total expected cost of hiring does not increase in proportion to the
decrease in the job-filling rate. Thus, the presence of sunk training
costs has an amplification effect on vacancy creation and market
tightness.

Note also that, as aggregate vacancies rise, the share of long-
term unemployment in total unemployment falls. This implies that
firms expect future training costs, tct+1, to decline. This effect alone
reduces the continuation value of a match and thus lowers the incen-
tive to post a vacancy.

The wage rate is set under the standard assumption of Nash
bargaining. The real value of employment and unemployment to a
continuing worker and a searcher who is short-term unemployed are
the same. The real value of employment is given by

WS
t = wS

t + Et

{
Qt,t+1

[
(1 − δ(1 − ft+1))WS

t+1 + δ(1 − ft+1)Ut+1
]}

,
(29)

where ft+1 ≡ θt+1q(θt+1) is the job-finding rate.
The real value of employment to a worker who was long-term

unemployed, i.e., unemployed as of period t − 1 or earlier, is

WL
t = wL

t + Et

{
Qt,t+1

[
(1 − δ(1 − ft+1))WS

t+1 + δ(1 − ft+1)Ut+1
]}

.
(30)

The corresponding real value of unemployment to short-term and
long-term unemployed is the same because both get the same unem-
ployment benefit and will have the same level of skills next period.
Thus,

Ut = ubHt + Et

{
Qt,t+1

[
ft+1W

L
t+1 + (1 − ft+1)Ut+1

]}
. (31)
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Under Nash bargaining, the optimal surplus-sharing rule for new
matches with the long-term unemployed (respectively, continuing
workers or short-term unemployed) is given by SL

t = ν̄(JL
t − ξχHt),

(respectively, SS
t = ν̄JS

t ), where ν̄ ≡ (1 − ν)/ν, and ν is the bar-
gaining power of the firm. We have

SS
t = wS

t − ubHt + Et Qt,t+1[(1 − δ)(1 − ft+1)SS
t+1

+ ft+1(SS
t+1 − SL

t+1)] , (32)

SL
t = wL

t − ubHt + Et Qt,t+1[(1 − δ)(1 − ft+1)SS
t+1

+ ft+1(SS
t+1 − SL

t+1)] , (33)

so that SS
t −SL

t = wS
t −wL

t . Using this equation, the surplus-sharing
rules, and the relation JS

t − JL
t = −(wS

t − wL
t ), we get JS

t − JL
t =

−(1−ν)ξχHt, SS
t −SL

t = (1−ν)ξχHt, and wL
t = wS

t − (1−ν)ξχHt.
In the limiting case ξ = 0 (i.e., training costs are fully sunk) both
types of workers earn the same wage. By contrast, when ξ > 0,
the LTU workers receive lower wages because they bear part of the
training costs. Moreover, the larger the value of ν, that is, the higher
the bargaining power of the firm, the larger is the gap between the
wages of workers who were long-term unemployed and short-term
unemployed.

3.3.2 Final Goods Sector

Each firm in the final goods sector, k, produces a differentiated final
good using a linear technology, Yk,t = Y I

k,t, and receives a subsidy,
τ , so that the firm’s real marginal cost, mck,t, is given by (1 − τ)pI

t .
Price setting is subject to Calvo-type price staggering, where ω is
the fraction of firms whose prices are fixed in any given period. Let
Pk,t denote firm k′s output price. Each firm, k, maximizes lifetime
profit, Et

∑∞
i=0 ωiQt,t+i

(
Pk,t/Pt+i − (1 − τ)pI

t+i

)
Yk,t+i, subject to

the total demand for good k, Yk,t+i = (Pk,t/Pt+i)
−ε

Yt+i, where
Yt+i = Ct+i + Ht+iκVt+i + χut−1+i

St+i
q(θt+i)Vt+i is total aggregate

demand that includes consumption and the vacancy posting costs
and training costs. The resulting optimal price is
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p∗
t = μp

Et

∑∞
i=0 ωiQt,t+i(1 − τ)pI

t+i
Yt+i

Yt

(
Pt+i

Pt

)ε

Et

∑∞
i=0 ωiQt,t+i

Yt+i

Yt

(
Pt+i

Pt

)ε−1 , (34)

where p∗
t ≡ P ∗

t /Pt, yt = Yt/Ht, and μp is the price markup in
the absence of price staggering. Endogenous growth feeds back into
optimal pricing through two counteracting effects. Lower expected
growth implies a lower discount rate (higher stochastic discount
factor) but also lower expected future demand growth.

Equation (34) can be rewritten as

p∗
t = μp

Fn,t

Fd,t
, (35)

where Fn,t and Fd,t are auxiliary variables given by

Fn,t = (1 − τ)pI
t ytc

−1
t + ωβ

(
ct+1

ct

)−1

Πε
t+1Fn,t+1, (36)

and

Fd,t = ytc
−1
t + ωβ

(
ct+1

ct

)−1

Πε−1
t+1Fd,t+1. (37)

Under Calvo-type price staggering, the aggregate price index can
be rewritten as

1 = (1 − ω)p∗(1−ε)
t + ωΠε−1

t . (38)

Aggregating both sides of the market clearing condition for the
intermediate good and using the demand equation for the final good
k leads to a relationship between aggregate final output yt and
intermediate good output yI

t ,

yI
t = Δtyt, (39)

where Δt ≡
∫ 1
0 (Pk,t/Pt)

−ε
df is a measure of price dispersion, which

can be rewritten as

Δt = (1 − ω)p∗−ε
t + ωΠε

tΔt−1. (40)
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As aggregate output in the intermediate goods sector is equal to
aggregate employment, Equation (39) can be rewritten as

Nt = Δtyt. (41)

Finally, the aggregate resource constraint in stationary form is
given by

yt = ct + κVt + tctq(θt)Vt. (42)

4. Ramsey Optimal Monetary Policy

The Ramsey planner maximizes household utility subject to the
competitive equilibrium under nominal price rigidity and labor mar-
ket frictions, i.e., takes the distortions on the labor market as given.
As is standard, we assume the government subsidy τ is set such
that it eliminates monopolistic distortions in steady state.10 We
point out, however, that the government subsidy is not time-varying,
and therefore monopolistic distortions might reappear in response to
business cycle shocks.

We first transform the objective of the planner into a stationary
form. This is necessary, because our model features positive long-run
growth. The objective function as expressed in terms of the level of
consumption is

Πt = Et

∑
i=t

βi−t log Ci. (43)

When this is reformulated in recursive form we get

Πt = log Ct + βEtΠt+1. (44)

In Section A.1 of the appendix we show that maximizing (44) is
equivalent to maximizing the detrended objective

Π′
t = log ct +

β

1 − β
log ΓH,t+1 + βEtΠ′

t+1 (45)

10Thus we have the well-known condition that the optimal level of the subsidy
rate τ is set equal to 1/ε.
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Table 1. Assigned Parameters

Parameter Value Target/Source

β Subjective Discount Factor 0.992 Standard Value
ω Fraction of Non-Optimizing Firms 0.56 Blanchard and Gaĺı (2010)
δH Human Capital Depreciation Rate 0.0375 Jones, Manuelli,

and Stacchetti (2000)
α Elasticity (Matching Function) 0.5 Pissarides (2009)
ν Firm’s Share of Surplus 0.5 Hosios Condition
ub Unemployment Benefit Parameter 0.44 Replacement Rate of 0.5
ξ Sunk Cost Parameter 0 Lechthaler and

Tesfaselassie (2023)
φπ Inflation Coefficient 5 Blanchard and Gaĺı (2010)
φu Unemployment Coefficient –0.8 Blanchard and Gaĺı (2010)

expressed in normalized consumption c. The objective function (45)
can be written alternatively in terms of employment by using the
human capital accumulation equation to substitute out ΓH,t+1,

Π′
t = log ct +

β

1 − β
log(1 − δH + BNt) + βEtΠ′

t+1. (46)

Interestingly, in the presence of endogenous growth (B > 0) the
Ramsey planner’s relevant welfare function depends directly on the
level of aggregate employment Nt.

The economy under the Ramsey optimal policy is compared to
a benchmark, simple Taylor-type rule considered in the related lit-
erature (e.g., Blanchard and Gaĺı 2010):

Rt = R
Πt

Π

φπ (ut

u

)φu

, (47)

where the variables without time subscript denote steady-state
values.

5. Calibration and Main Results

5.1 Calibration

Table 1 shows assigned parameters, while Table 2 shows the calibra-
tion of the model to the U.S. economy at a biannual frequency.



24 International Journal of Central Banking Forthcoming

Table 2. Calibrated Parameters

Parameter Value Target/Source

δ Job Separation Rate 0.2105 Share of Long-Term
Unemployment 0.2

μ Matching Efficiency 0.89 Job-Finding Rate 0.8
κ Vacancy Posting Cost 0.4 Vacancy-Filling Rate 0.9
χ Training Cost 0.6 Ratio of Training Costs

to Vacancy Posting 0.3
B Learning-by-Doing Coefficient 0.055 Steady-State Growth

of 3 percent

Note: Following the related literature, we meet the respective target precisely by
choosing the parameter under consideration.

The biannual values of ΓH , δH , and ω, as well as the targeted
steady-state job-filling rate, are based on the quarterly values used
in Lechthaler and Tesfaselassie (2023). As in that paper, we target
a steady-state growth rate of 3 percent. The steady-state unemploy-
ment rate is set at 5 percent and the job separation rate δ is set such
that the implied share of long-term unemployment in total unem-
ployment in the U.S. before 2008 is about 20 percent (Acharya et al.
2022). The implied steady-state job-finding rate is 0.8. The elastic-
ity of the matching function α is set at 0.5, values that are common
in the literature (see, e.g., Pissarides 2009). We impose the Hosios
condition for efficiency in the absence of sunk training costs and
learning-by-doing externalities, so that the firm’s share of surplus
ν is equal to the elasticity parameter in the matching function α.
The scale parameter in the matching function μ and steady-state
labor market tightness are set targeting the steady-state job-finding
rate and the steady-state job-filling rate. The replacement rate is
set at 0.5 (the implied value of the unemployment benefit parame-
ter ub is 0.44). This value is well within the range typically used
in the literature. For instance, regarding the replacement rate that
includes the value of leisure and home production, which we do not
model, Shimer (2005), Hagedorn and Manovskii (2008), and Hall
and Milgrom (2008) use, respectively, 0.4, 0.71, and 0.95.11

11In Section A.3 of the appendix, we show the sensitivity of optimal inflation
volatility to the parameter ub.
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As a baseline the sunk cost parameter ξ is set at zero (Pissarides
2009; Acharya et al. 2022; Lechthaler and Tesfaselassie 2023), but we
also undertake sensitivity analysis with respect to this parameter.
We target a steady-state ratio of training costs to vacancy posting
costs equal to 0.3, which is at the lower end of values considered
in Pissarides (2009).12 The training cost parameter χ and the cost
of posting a vacancy κ are set consistent with the resulting steady-
state solution of the model (see Table 2). The scale parameter in
the human capital accumulation equation B is consistent with the
steady-state annualized growth rate and steady-state employment
rate. Regarding the Taylor rule coefficients φπ and φu, we set these
at 5 and −0.8 (the optimal simple rule in Blanchard and Gaĺı 2010
under a U.S. labor market).

5.2 Impulse Responses

The quantitative analysis of the Ramsey optimal monetary policy is
done using impulse responses to a temporary but persistent shock
to productivity, at. To be specific, at is assumed to follow an autore-
gressive process of order 1: at = aρa

t−1uat, 0 < ρa < 1. In line with
previous studies, the autocorrelation coefficient ρa is set equal to
0.92, while the standard deviation of the innovation uat is set equal
to 0.01.

Figure 2 shows the impulse responses of output, human capi-
tal, unemployment, the inflation rate, the share of LTU workers in
total unemployment, and the real rate of interest to a positive pro-
ductivity shock under the Ramsey optimal policy (solid line) and,
for comparison, under a simple Taylor-type rule (dashed line) and
under flexible prices (starred). Reflecting the underlying endogenous
growth in the model, the impulse response named “output hystere-
sis” shows the gap between actual output and output in the absence
of the shock, expressed as a percentage of the latter. The impulse
response named “human capital hysteresis” is defined analogously.
The impulse responses of inflation and the real interest rate are
shown in absolute deviations and annualized.

12We think the chosen value is reasonable, as Pissarides (2009) considers fixed
matching costs that may also include “costs of finding out about the qualities of
the particular worker, of interviewing, and of negotiating with her.”
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Figure 2. Impulse Response to a Temporary Rise in
Labor Productivity: Comparing Ramsey Optimal,

Taylor Rule, and Flexible Price

A temporary increase in labor productivity raises output and
human capital above their pre-shock trend and lowers unemploy-
ment, the share of long-term unemployment in total unemployment,
and the inflation rate. The lower share of LTU workers implies a
reduction in expected training costs that amplifies the drop in unem-
ployment (see also Lechthaler and Tesfaselassie 2019). In turn, the
presence of endogenous growth implies that the temporary shock
to productivity has permanent effects on the level of human capital
and output—the surge in employment enhances learning-by-doing
and pushes the economy to a permanently higher level.

Under the policy that follows an unemployment-targeting Tay-
lor rule, the effect of the productivity shock on real variables is
much less pronounced than under Ramsey optimal policy. For output
and human capital the differences are especially pronounced in the
long run, where the more expansionary Ramsey policy implies much
larger hysteresis effects. Under Ramsey policy, inflation declines by
less and the real interest rate (reflecting the inertial nature of opti-
mal policy; Woodford 2003) is less volatile than is the case under
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the Taylor rule. We can conclude that in the model under consider-
ation the policy that follows an unemployment-targeting Taylor rule
is suboptimal, implying too much volatility in inflation but too little
volatility in output and unemployment.

The deviation from price stability under the Ramsey optimal pol-
icy also implies that the decentralized economy with flexible prices
features excess volatility of unemployment and, importantly, an inef-
ficiently strong response of human capital and output along the
adjustment to their higher long-run levels.13 In response, and in
the presence of nominal price rigidity, the Ramsey planner uses the
aggregate demand channel to reduce demand for the final good and
in turn demand for the intermediate good. The resulting reduction
in the relative price of the intermediate good pI

t implies that the
marginal revenue product of labor, and thus the match surplus, also
decline. At the same time, a reduction in pI

t implies a reduction in
the real marginal cost of final good producers and therefore inflation.

To summarize, the economy with flexible prices exhibits excess
volatility in output and unemployment, while the economy with rigid
prices and a Taylor rule exhibits too little volatility. Optimal mon-
etary policy lies between both cases but closer to the model with
flexible prices.

5.3 Endogenous Growth Versus Training Costs

As noted above, our baseline model features two separate but closely
related deviations from the standard model: endogenous growth
based on human capital through learning-by-doing, and training
costs related to the skill loss of LTU workers.14 In order to see the
role of each effect in isolation, Figure 3 shows the impulse responses
of a model in which one or both of the two features are absent.

The starred line in Figure 3 shows impulse responses when only
the training cost channel is present, the dotted line shows impulse

13If the decentralized economy with flexible prices were efficient, the Ramsey
planner would keep inflation constant at zero.

14As shown in Lechthaler and Tesfaselassie (2023), both features are necessary
to yield impulse responses that are broadly consistent with the recent empirical
findings on the fall in productivity growth after deep recessions and the observed
relative stability of inflation despite the pronounced fall in GDP during the Great
Recession.
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Figure 3. Impulse Response to a Temporary Rise
in Labor Productivity: Comparing Baseline

with Three Limiting Cases

Note: Limiting cases are: exogenous growth, no training costs, standard model.
Each line shows the difference between the Ramsey optimal and the Taylor rule
in the respective model.

responses when only the endogenous growth channel is present, and
the dashed line shows impulse responses when both features are
absent. In each case the impulse responses show the difference of a
variable under Ramsey policy to that under Taylor rule policy. For
instance, the solid line in the lower left panel shows that the Ramsey
planner pushes up inflation by 4 percentage points relative to the
economy under a Taylor rule, the difference between both lines in
Figure 2. We show this difference so as to illustrate the effects of
Ramsey policy in a compact way. Section A.2 of the appendix shows
complementary figures that illustrate the full impulse responses (i.e.,
not the differences).

Three observations can be made from Figure 3. First, endoge-
nous growth matters primarily for output and human capital in the
medium to long run, because of the hysteresis effects it implies. In the
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short run, and for the other macroeconomic variables, endogenous
growth has very little effect (starred and solid lines are almost
identical).

Second, when the training cost channel is absent (dotted line),
the Ramsey planner raises output much more in the short run, but
less in the long run. The hysteresis effects are much smaller when
the training cost is absent (dotted line vs solid line), which suggests
the presence of complementarity between the endogenous growth
channel and the training cost channel.

Third, looking at the dynamics of the real interest rate when the
training cost channel is absent (dotted line), the fact that on impact
the difference is positive is a result of the Taylor rule generating
a more negative real interest rate than does the Ramsey optimal
policy (by comparison, in the baseline case shown in Figure 1, on
impact the real rate rises under the Taylor rule while it falls under
the Ramsey optimal policy).

Finally, overall the standard model (dashed line) is very close
to the model with endogenous growth but no training costs (dotted
line). Thus, endogenous growth per se does not lead the Ramsey
planner to deviate much from the policy pursued in the standard
model.

5.4 Hysteresis Targeting Rule

For our baseline calibrations we used the Taylor-type rule given in
Equation (47), suggested by Blanchard and Gaĺı (2010). This rule
has the advantage that it is not dependent on trend growth in pro-
ductivity or output, since it is based on deviations of actual unem-
ployment from steady-state unemployment, where the latter is still
stationary in our model. Thus, the rule does not need to aim at a
moving target. However, it is also clear from the discussion above
that this rule is not optimal, and that other variations of the Taylor
rule might be superior. Of special interest in our case are rules that
take account of deviations from the previous long-run trend, rules
that are able to target hysteresis effects.

Therefore, we show in this section the implications of using a
monetary policy rule that takes account of past and present devia-
tions in the growth rate of aggregate output from pre-shock trend.
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Figure 4. Impulse Response to a Temporary Rise in
Labor Productivity: Comparing Ramsey Optimal,

Taylor Rule, and Hysteresis Rule

Specifically, we use a rule similar to the one suggested by Garga and
Singh (2021),

Rt = R

(
Πt

Π

)φπ

(ht)
φy , (48)

where ht = Γy,t+1/Γy ∗ ht−1 is the cumulative sum of all deviations
of output growth from output growth in the absence of shocks. Thus,
this rule reacts to any deviations from previous trend, and so implies
a return to the pre-shock trend. Figure 4 illustrates the results,
comparing the hysteresis-targeting rule with the unemployment-
targeting rule and Ramsey policy. It can be seen that the hysteresis-
targeting rule implies much smaller swings in the real interest rate
than the unemployment-targeting rule. In fact, the real interest rate
under hysteresis targeting comes reasonably close to the one under
Ramsey policy. By implication, human capital and output are higher
than under the unemployment-targeting rule. It should be noted,
however, that the hysteresis-targeting rule implies that output comes
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Figure 5. Sunkness of Training Costs and
the Optimal Volatility of Inflation

back to the pre-shock trend. This is not the case under Ramsey
policy, under which output stays permanently above the pre-shock
trend.

6. Optimal Inflation Volatility

The two key parameters of the model are the degree of sunkness of
training costs (ξ) and the strength of the positive externality from
aggregate employment to productivity growth (B).

We first show the relation between ξ and optimal inflation volatil-
ity when only skill loss from long-term unemployment is operative;
that is, in the absence of endogenous growth (B = 0). Figure 5 shows
the optimal inflation volatility as a function of the degree of sunk-
ness of training costs (ξ) around the baseline case ξ = 0. The upper
bound for ξ is chosen for computational reasons—it is set such that
the steady-state employment rate remains below unity.

Optimal inflation volatility declines monotonically with ξ, which
confirms our analytical results based on the two-period model of
Section 2. Optimal volatility declines by about 13 percent as ξ
increases from 0 to 0.15. The intuition is straightforward: the larger
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Figure 6. Learning-by-Doing Externality and
the Optimal Volatility of Inflation

the value of ξ (i.e., the lower the degree of sunkness in training
costs), the more efficient wage bargaining, and thus the competitive
equilibrium, becomes, implying that monetary policy focuses more
on offsetting inefficiencies arising from nominal distortions (and in
turn implying less deviation from price stability).

Next, we show the relation between B and optimal inflation
volatility when only the learning-by-doing externality is operative;
that is, in the absence of skill loss from long-term unemployment
(no training costs are incurred). Figure 6 shows the optimal infla-
tion volatility as a function of the strength of the learning-by-doing
externality (controlled by the parameter B in Equation (20)) around
the baseline calibration B = 0.055.

Optimal inflation volatility increases monotonically with B,
which also confirms our analytical results based on the two-period
model of Section 2. The intuition is again straightforward: the larger
the value of B (i.e., the stronger the positive externality from aggre-
gate employment to productivity growth), the less efficient the com-
petitive equilibrium becomes, implying that monetary policy focuses
less on offsetting inefficiencies arising from nominal distortions (and
in turn implying greater deviations from price stability).
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7. Concluding Remarks

We analyze Ramsey optimal monetary policy in a New Keynesian
model with search and matching frictions featuring training costs
due to skill loss from long-term unemployment and endogenous
growth through learning-by-doing externalities. We show that the
competitive equilibrium is inefficient due to two sources of exter-
nalities; that is, firms fail to internalize the effects that hiring has
on labor productivity through learning-by-doing, and do not fully
internalize the effects that hiring has on future training costs. These
externalities lead to inefficient fluctuations, and their complemen-
tarity justifying marked deviations from price stability in response
to productivity shocks. Optimal inflation volatility is shown to be
increasing in the degree of sunkness of training costs and in the
strength of the learning-by-doing externality.

While our framework focuses on skill loss from long-term unem-
ployment and output hysteresis, one can extend the framework to
allow for the presence of unemployment hysteresis, for example, by
introducing labor force participation into the search and matching
block of the model. Another possible extension is the incorporation
of wage rigidity into the bargaining process and how this affects the
degree to which firms internalize the effects that hiring has on future
training costs. We leave this for future research.

Appendix

A.1 Detrended Model for Optimal Policy

The planner’s problem is to maximize

Πt = Et

∑
i=t

βi−t log Ci, (A.1)

subject to the three constraints

Nt = (1 − δ)Nt−1 + μ (1 − (1 − δ)Nt−1)
α

V 1−α
t , (A.2)

Ct = atHtNt − HtκVt − Htχ
[
1 − μ (1 − (1 − δ)Nt−2)

α−1
V 1−α

t−1

]

× (1 − Nt−2) ∗ μ (1 − (1 − δ)Nt−1)
α−1

V 1−α
t ,

(A.3)
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Ht+1 = (1 − δH + BNt) Ht. (A.4)

This is equivalent to maximizing

Πt = Et

∑
i=t

βi−t (log ci + log Hi) , (A.5)

subject to the constraints

Nt = (1 − δ)Nt−1 + μ (1 − (1 − δ)Nt−1)
α

V 1−α
t , (A.6)

ct = atNt − κVt − χ
[
1 − μ (1 − (1 − δ)Nt−2)

α−1
V 1−α

t−1

]

× (1 − Nt−2) ∗ μ (1 − (1 − δ)Nt−1)
α−1

V 1−α
t , (A.7)

ΓH,t+1 = (1 − δH + BNt) . (A.8)

The problem is still not stationary because the object function
contains H, which is not stationary. Thus, our goal is to split the
objective into a part that is stationary (Π′

t) and a remaining part
that only depends on current Ht (which is the predetermined state
variable as of period t). So let us use the transformation

Πt = Π′
t + λ log Ht,

where the transforming factor λ has still to be determined such that
it makes Π′

t stationary. Reformulating the above equation,

Π′
t = Πt − λ log Ht

= log ct + log Ht − λ log Ht + βΠt+1

= log ct + (1 − λ) log Ht + βλ log Ht − βλ log Ht + βΠt+1

= log ct + (1 − λ + βλ) log Ht − βλ log
Ht+1

ΓH,t+1
+ βΠt+1

= log ct + (1 − λ + βλ) log Ht − βλ log
1

ΓH,t+1

+ β (Πt+1 − λHt+1)

= log ct + (1 − λ + βλ) log Ht + βλ log ΓH,t+1 + β
(
Π′

t+1
)
,

in the last equation we still have the nonstationary term Ht, which
would cause problems since Ht+1 is contained in Π′

t+1 and so on.
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Figure A.1. Impulse Response to a Temporary Rise in
Labor Productivity: Shutting down Endogenous Growth

However, if 1 − λ + βλ = 0, then the Ht drops out (also out of
future terms) and thus Π′

t becomes stationary. Thus, the condition
for stationarity of Π′

t is λ = 1/(1 − β), and then the planner’s goal
to maximize Πt is equivalent to maximizing

Π′
t = log ct +

β

1 − β
log ΓH,t+1 + β

(
Π′

t+1
)

+ λ log Ht,

and since Ht is predetermined, i.e., out of the control of the planner
at time t, this is equivalent to maximizing

Π′
t = log ct +

β

1 − β
log ΓH,t+1 + β

(
Π′

t+1
)
.

A.2 Limiting Cases

This appendix shows complementary figures (see Figures A.1
and A.2) that illustrate the full impulse responses for generating
Figure 3.
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Figure A.2. Impulse Response to a Temporary Rise in
Labor Productivity: Shutting down Training Costs

A.3 Optimal Inflation Volatility

Figure A.3 shows the sensitivity of optimal inflation volatility to
the unemployment benefit parameter ub. The lower bound for ub is
chosen for computational reasons—it is set such that the steady-
state employment rate remains below unity.15 The graph shows
that optimal inflation volatility increases as unemployment bene-
fits increase. In our model, unemployment benefits raise the wage
above the efficient level and thus imply greater inefficiency in the
labor market. This gives the Ramsey planner a stronger motive to
use inflation actively to counteract this inefficiency over the business
cycle.

15To avoid mixing different effects, we keep the rest of the calibration
unchanged, which implies, however, that the unemployment rate changes.
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Figure A.3. Unemployment Benefit and
the Optimal Volatility of Inflation
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